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ABSTRACT. We introduce a new construction of bilinear invariant forms 
on Lie algebras, based on the method of graded contractions. The general 
method is described and the Z 2 -, Z, 3 -, and Z 2 (§) Z 2 -contractions are found. 
The results can be applied to all Lie algebras and superalgebras (finite or 
infinite dimensional) which admit the chosen gradings. We consider some 
examples: contractions of the Killing form, toroidal contractions of su(3), 
and we briefly discuss the limit to new WZW actions. 
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1. INTRODUCTION. 

Contractions of Lie algebras were introduced in physics forty years ago 
by Wigner and Inonii in order to get a formal way of passing from the 
Poincare group to the Galilei group [1] . In general, contractions consist of the 
introduction of parameters in the basis of a Lie algebra such that, for some 
singular value of these parameters, we get a different (i.e. nonisomorphic) 
algebra. The interest of this method in physics stems from the fact that it 
relates different symmetry groups, from which the contracted group can be 
understood as an "approximation" of the "exact" , or noncontracted group. 
(A discussion of the concept of contraction and some generalizations of the 
Wigner-Inonii method are given in Ref. [2]). 

A different approach has been developed recently, which is based on the 
preservation of some grading of the Lie algebra through the contraction pro- 
cedure. The general method of so-called graded contractions is presented in 
Ref. [3]. The analogous theory for the representations (which contains the 
contractions of algebras as a particular case) and their Casimir operators is 
found in Refs [4] and [5], respectively. 

In this paper we use the concept of graded contractions of Lie algebras to 
construct new symmetric bilinear invariant forms of a Lie algebra (in general, 
non-semisimple) , starting from the known bilinear form of a noncontracted 
algebra. Even within a single Lie algebra, one can obtain different bilinear 
forms starting from one bilinear invariant form. As for the method of graded 
contractions of algebras, the present procedure is very general and can be 
applied to any Lie algebra or superalgebra, of finite or infinite dimension. 
Also the results are universal in the sense that given a grading group (which 
is abelian for our purpose), the problem is solved simultaneously for all Lie 
algebras of any type and dimension which admit the chosen grading. The 
construction is presented in the next section. In Section 3 we find the gen- 
eral bilinear invariant form obtained from preserving Z2-, Z3-, and Z2 <S> Z2- 
gradings. In Section 4 we present some examples: contractions of the Killing 
form, toroidal contractions of sit (3) (or, more precisely, of its complexifi- 
cation A2), and the "deformation" of Wess-Zumino-Witten (WZW) actions 
(defined over some group manifold) into modified WZW actions, defined over 
a contracted group. 

2. DESCRIPTION OF THE METHOD. 

Consider a Lie algebra g (corresponding to a Lie group G) defined over 
the field K (= 1 or C ). A symmetric bilinear invariant form O on g is a 
mapping, 

O: gxg^K, (2.1) 
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which satisfies the symmetry property, 

Q(X,Y) = Q(Y,X), (2.2) 

and is G-invariant, 

VL^Xti- 1 ^Yfi- 1 ) = Sl(X,Y), (2.3) 

with X, Y E g, and ifeG. 

In terms of the generator Z of $ in the Lie algebra, (2.3) is equivalent to 

Q(X,[Z,Y}) + Q(Y,[Z,X}) = 0. (2.4) 

Given a basis of generators {X±, . . . , X dim [ fl ]} of g such that [Xa, Xb] = 
fAB-X-c-i the bilinear form is often written as a matrix £Iab = Q(Xa, Xb) 
which is symmetric (from (2.2)) and satisfies /ab^cd + Iac^bd = ® (from 
(2.4)). 

Now let us recall some definitions and properties that we need from the 
theory of graded contractions of Lie algebras (more details are in Refs [3, 
4]). A T-grading of a Lie algebra g consists of the decomposition 

<7 = 0<7 M , (2-5) 

into eigenspaces under the action of a set of automorphisms of finite order 
on g (for our purposes we can take V to be an abelian finite group). Each of 
these automorphisms provides g with a grading by a cyclic group having the 
same order. Thus the grading group V is the tensor product of all the cyclic 
groups associated with every automorphism: V = §QZn. 

The commutators in g inherit a grading structure from the automor- 
phisms of finite order, that is, if X e g^ and Y e g u , then 

[X,Y] = Z, (2.6) 

with Z G g^+v as long as the commutator is not zero. (The addition n + v 
denotes the product of elements [i and v in the grading group V.) This 
grading structure can be written symbolically, 

o^t^^c^, fi, v, /j, + v e r. (2.7) 

A graded contraction g s of g is defined by modifying the commutators, 



(2.8) 
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where e G IK . We have kept the e-parameter in the right-hand side of (2.8) 
in order to show that if e = 0, then the commutator of an element of 
with an element of g v vanishes. From the definition (2.8) we see that the 
e parameters are symmetric {i.e. e^ v = £v,n), and by enforcing the Jacobi 
identities on the new commutators, one finds that the e-parameters must 
satisfy the contraction relations, 

for all the values of the indices. A solution e of (2.9) defines a contraction, 
that is, a new Lie algebra. 

Now we define the contractions of the bilinear invariant form O. Using 
the same notation as in (2.7), we define the contracted symmetric bilinear 
invariant form fi 7 as 

W(9i»9v) = 7/*,i/£%a*> 9u), (2-10) 

where g^ (g u ) represents any element X G g^ (G g v ). 

From the properties of symmetry and invariance, and given a contraction 
matrix e {i.e. a contracted algebra), we get the restrictions upon 7: 

lw = 7^,m ( 2 - n ) 

and 

ex^lx+w = £\,vlf\+v,n- (2-12) 

Proof. 

The relation (2.11) follows from equations (2.2) and (2.10). 

The condition (2.12) is obtained from substituting (2.10) into (2.4): 

^ 7 (#M' [9Xi 9u]e) + W(9u, \g\, 9»]e) = 0, 

ffl(9i»£\,i>[9\,9i>]) + W{gv,e\,v\g\,gp]) = o, 
£x,u7^,x+M{g^, \gx,9u]) + £x,Liiv,x+^{gv, [gx,g^]) = 0. 

By comparing the last line with the invariance condition relation, 

ft{g», [gx, gv]) + to(g v , [gx, g»]) = o, 

before contraction, we see that one must have £x,vln,x+v = £\,^u,x+fi- The 
form (2.12) is obtained by using the symmetry properties of e and 7. • 

The solutions of (2.11, 12) provide new invariant bilinear forms, obtained 
by substituting the 7-parameters back into (2.10). As for the contractions 
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of algebras and representations, there is a trivial contracted bilinear form, 
for which all 7's are equal to zero. However, the solution with all the 7's 
equal to one is not trivial. As explained in Ref. [3], the equations in (2.9) 
which contains an undefined e (when the corresponding commutator van- 
ishes already in the noncontracted algebra) does not appear in the system 
of equations to be solved. The same occurs for the 7's. If fx and v are such 
that Q(g^,g u ) = 0, then the equations containing the corresponding 7 M)i , 
must be removed from the system (2.12). If it does not happen, we say 
that this grading is generic regarding the invariant bilinear form. Note that 
definitions (2.8) and (2.10) allow one to consider also deformations, that is, 
processes after which some commutators or bilinear forms -initially zero- 
become non-trivial, but satisfy the grading property nevertheless. We shall 
not consider this type of process below. 

Note also that the "composition" (71 • 72)^,1/ = (71)^(72)^ (without 
summation over repeated indices) of solution matrices, which we have defined 
for the contractions of algebras in equations (2.8, 9) of Ref. [3], here does 
not yield a new solution in general. Thus, given two solutions of (2.12), 7! 
and 72, their composition will not be a solution unless extremely particular 
conditions on the e's are satisfied. The same applies for the "normalization" 
of the 7's, because it is tied up to the normalization of the e's. If we perform 
a change of basis g M — > g'^ = a^g^, then the invariant bilinear form becomes 
ffl (g'p, g' v ) = ^^-f2(<7 M , g v ). Unless we consider very particular values of 7's 
and e's it will not be possible to satisfy = 1 for all 7's. Unlike the 

contractions of representations, in which case we can normalize the parame- 
ters ip (see Ref. [4]) by changing the basis of the representation vector space 
independently of the basis of the algebra, here the normalizations of e and 7 
are interdependent. 

3. Z 2 -, Z 3 -, AND Z 2 <g> Z2-CONTRACTIONS. 

In this section we find the contractions of the invariant bilinear forms, 
using the results of Ref. [3] , for Lie algebras over the field of complex numbers. 
As in Ref. [3] we consider the contractions with gradings of generic type. We 
have not normalized the 7's in order to display the possible zero parameters. 
(Note that the e's of the present paper are the 7's in Ref. [3].) 

3.1. Z2-contractions. 

The grading group consists of two elements, Y = {0, 1}, with the product 
(denoted additively): 



+ = 0, + 1 = 1 + = 1, 1 + 1 = 0. 
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There are three independent 7-parameters: 7o,o>7o,i (= 7i,o) an d 7i,i- We 



shall cast them into a matrix form: 7 



although it should 



7o,o 7o,i 
.7o,i 7i,i, 

not be taken formally as a matrix, since none of the properties of matrices - 
multiplication, inverse, determinant, etc.- are shared by the present objects. 
(Hereafter, we write only the upper diagonal of 7 and e, remembering that 
they are symmetric). 

The condition (2.12) reads, for Z 2 , 



£o,o7o,i = £o,i7o,i) 
For the trivial contraction e = 



£0,171,1 = £ i,i7o,o- 
£0,0 £0,1 \ _ / 1 1 

^ " V 1 



(3.1) 
(1), the 



relations (3.1) become 70,1 = 70,1 and 70,0 = 7i,i (which imposes no further 
restriction upon 70,1). For the other trivial contraction e = 







= (0), 



there are no restrictions on 7, which are thus completely free. If £0,0 7^ £ o,i? 
then 70,1 must vanish. This happens for the Wigner-Inonii-like contraction 
1 0' 



matrix e = 







In summary, we find the following contractions, 



1 








7 



7 



e — 



e = 



1 




1 

1 1 





7 = 



7 = 



7 



a 



a 



b 
a 

b 

c 

a 



(3.2) 



where a, b and c are arbitrary (possibly zero) complex numbers. 

3.2. Z3-contractions. 

The Z3-contractions (Z3 consists of three elements 0,1,2 on which the 
product is the usual addition modulo 3) are determined by six parameters 
(cast into matrix form), 



7o,o 



7 = 




In terms of these parameters, the restrictions (2.12) are 



£o,o7o,i 


= £o,i7o,i) 


£ l,l72,2 


= £i,27o,i 


£ o,o7o,2 


= ^0,270,2, 


^0,271,2 


= £i,27o,o 


£0,171,2 


= ^0,271,2, 


£ 0,272,2 


= ^2,270,1 


£ o,i7i,i 


= £i,i7o,2, 


^1,270,2 


= £2,271,1 


£0,171,2 


= Si, 270,0- 







(3.3) 



And the solutions are (with the e's given in the Section 4 of Ref. [3]), 




(3.4) 



where a, b, c and d are arbitrary. The matrix e = (1) has all its entries equal 
to 1 (it is not the identity matrix). Obviously, the 7's corresponding to 
e = (0) are free. 

3.3. Z 2 ® Z 2 -contractions. 

The grading group consists of four elements, that we name a = 00, b = 
01, c = 10 and d = 11, so that their product is a + k = k, 2k = a (k = 



(3.5) 



a, . . . , d) and b + c = d, c + d = b, b + d = c. In the generic case (i.e. when 
all the e's are defined), the equations (2.12) are: 

^-a,a^ia,k ^a,k"ia,ki £-a,k'~fk,k £-k,k r Ya,ai 

^■a,b^1b,c & a,c^ib,c £-b,c r Ya,di 
£a,blb,d = £a,dlb,d = Sb,dla,ci 

£a,clfc,d £-a,d'~fc,d £-c,d'~fa,bi 

£b,cld,d = £b,dlc,c = £ c ,dlb,b-> 

£b,bla,c = £b,db,d, £b,bla,d = £b,dlb,ci 

£b,c!fc,d £c,c~1a,bi & c,c~) a,d £ c,d^1b,ci 

£c,djb,d = £d,dja,c, £b,djc,d = £d,d7a,bi 

where k = b,c, d. The 7-solutions (corresponding to the e-solutions given in 
Ref. [3]) are in Tables I and II. 

4. EXAMPLES. 

4.1. Contractions of Killing form. 

First, consider the algebra Ai (the complexification of sZ(2)), with ele- 
ments {X, Y, Z} and commutation relations 

[X,Y] = Z, [Y,Z] = X, [Z,X]=Y. 

From these we find that the Killing form fl K ' llhn9 ■) = Tr(ad(-)ad(-)) is 
equal to 

filling = diag (_ 2j _ 2 , -2). (4.1) 

Now consider the Z 2 <8> Z 2 -grading 

L b = {X}, L c = {Y}, L d = {Z}, (4.2) 

where we use the same notation for the grading group elements as in subsec- 
tion 3.3. Following (2.8), the commutators are modified to 

[X, Y] e = e b , c Z, [Y, Z] £ = e c , d X, [Z, X} £ = e b , d Y, (4.3) 

so that the Killing form that we get from the adjoint representation is 

Q Kiiiin 9 ,e = _ 2 diag(e b , c eb,d, £b, c e c ,d, eb,de c ,d,)- (4.4) 

Now if we apply the definition (2.10) for the grading (4.2), the form (4.1) 
becomes 

Q KUiin 9 ^ = _ 2 dio0( 76i6 , 7C)C , 7d)d ), (4.5) 
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which is to be compared to (4.4). This is done by noting that the equations 
(2.12) which are relevant here (i.e. in which e and 7 do not contain a as an 
index) are 

£b,dd,d = £ c ,dlb,b = £b,dlc,c, (4.6) 

for which 

lb,b = £b, c £b,d, 7c,c = £b, c £ c ,d, ld,d = £b,d£ c ,d (4.7) 

is a possible solution. By comparing (4.5) to (4.4), we see that the form ob- 
tained by graded contractions of A\ (i.e. by the introduction of ^-parameters 
into the commutators) can be compatible with the 7-contracted form ob- 
tained by the present procedure, i.e. using (2.10). 

A similar compatibility exists in any general Lie algebra g with basis 
{X 1 ,..., X dim[g] } such that 

[X A , X B ] = f AB X c = ad(X A ) CB X c . (4.8) 

Suppose that X A , Xb belong to the T-grading subspaces g^,g v , respectively, 
so that Xc £ g^+v Then the Killing form is 

n Killin9 (X^ A , X vB ) = Tr [ad(X^ A )ad(X vB )} , 

= '^2ad(X flA )^ +a ) C . aD ad(X uB )(fi+u+a)D;(fi+a)C, 
C,D 

(4-9) 

from which we see that \i must be the T-inverse of v. (We have written the 
grading indices along with the algebra indices) . 

By introducing e-parameters as in (2.8), this becomes 

Q Kdhn9,e (X^ A , X vB ) = ^2 e ^,a£u,^+aad(X^ A )^ +a ^ c . aD ad(X uB ) aD .( fI+a ^ c , 

C,D 

(4.10) 

where the e's are relevant if the corresponding commutators are defined. One 
can compare (4.10) to the form obtained via our definition (2.10), i.e. 

n Killin ^(x^x uB ) = 1 ^ Killin9 (x lxM x vB ), (4.11) 

where \x + v = (the identity element in T) , if the algebra is be such that e 2 
in (4.10) can be factored out. Then one can identify 

l^v = ^2 £»,„£„,»+*, (4.12) 
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where the sum is over the a indices such that the e's are defined, and with 
/j, + v = 0. In the particular case of A\, (4.12) is just (4.7). 

4.2. Toroidal contractions of A 2 . 

There are four different fine gradings of A 2 (the complexification of su(3)) 
[6-7], one of which is the toroidal (or Cartan) grading: 

A 2 = ®l = - 3 9^ 

with 

9i = {e Q }, 9-i = {e- a }, 



92 = {ep}, g-2 = {e-p}, 

93 = {e a +/3}, 9-3 = {e_( a+/3 )}, 
9o = {h a ,hp}. 

for which the grading group is Z 7 . 

Consider the following invariant bilinear form on A 2 ; 

0(a«5, as) = O5, 
tt(h ai ,h aj ) =< ai\a>j >, 



(4.13) 



(4.14) 



where i,j = 1,2; S is any root of A 2 , and all other elements of O are zero. 
The only relevant 7-parameters are 70,0 and 7 M ,- M . 

The grading (4.13) is such that the relevant e-parameters are: 

£1,2, £1,-3, £1,-1, £-2,-1, 
£2,-3, £2,-2, £3,-3, £3,-2, 
£3,-1, £o 5/ u (M = -3, . . . , 3). 

From (2.12), we get the following relations: 

£ m ,-m7o,o = £o, m 7m = £ -irtu ,-M' ( 4 - 15 ) 

for fi = 1, 2, 3. The possible ^-parameters have been found and the associated 
algebras identified in Ref. [8]. The 7 solutions are to be substituted into 

7 (e a , e_ a ) = 71,-1 O a , 
7 (e /3 ,e_ /3 ) =72,-2 O^, 
7 (e a+/3 , e_( Q+|S )) = 7 3) _ 3 O a+/3 , 
7 (/i Qi , h a .) =70,0 < oulaj > . 
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The method can be applied readily to Kac-Moody algebras. Some ex- 
amples of graded contractions of Kac-Moody algebras are given in Ref. [3] . 
(The particular case of Wigner-Inonii contractions of Kac-Moody and Vira- 
soro algebras has been studied explicitly in Refs [9] and [10], respectively.) 

4.3. Application to Wess-Zumino-Witten models. 

In this subsection, we exploit the fact that, starting from a Lie algebra g 
with invariant bilinear form O, one may define a WZW action on the corre- 
sponding group manifold [11]. Suppose that the group G, which corresponds 
to the Lie algebra g, is simply connected. Consider a three-manifold B with 
boundary E = dB and a map from E to G, extended to a map from B to 
G. The WZW action on a Riemann surface E is [11] 

W*) = ^ / d 2 yQ AB A^A Ba + ^- J d 3 ye abc A Aa A Bb A Cc Q CD f B B , 

(4.17) 

where a, b, c represent indices over E and B, and d 1 d a t} = A a Xa (the X's 
being the generators of the Lie algebra g). 

Now if we consider a T-grading of g, such that Xa £ gA, Xb £ gs, etc. 
(A, £>, . . . denote the grading labels of the subspace to which Xa, Xb, ■ ■ ■ 
belong, respectively) then we get a new WZW action: 



SWzwW = ^ J d 2 y 1a ^abA a A b « + 

+ J^J B d3 y ^ b cA Aa A Bb A Cc 7e ,v^CDe A , B fAB- 



(4.18) 



The invariant bilinear form 7 must be non-degenerate, i.e. the inverse 
W> AB of Q AB must be defined such that W> AB Q, BC = 8^. The construc- 
tion of a WZW model based on a non-semisimple group has been discussed 
recently in Refs [12] and [13], for ungauged and gauged models, respectively. 

From that point of view, we see that the contraction procedure may 
provide a new geometry (in particular, a new spacetime), by starting from 
the one associated to the noncontracted WZW model, and by "deforming" it 
compatibly with the deformation of the algebra. The concept of contraction 
has not been mentioned explicitly in Refs [12, 13], although the invariant 
bilinear form used therein was obtained from a contraction procedure [14]. 
To our knowledge, contraction methods have been used explicitly for the 
first time in Refs [15, 16]. The contraction used in [15] leaves the contracted 
algebras with the particular Z 3 structure, 

1 1 1 
e = I 10 
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which suggests a generalization along our point of view. A detailed discussion 
about this topic is postponed to a future publication. 

The deformation of a geometry into another one, using the concept of con- 
traction, has been studied in Ref. [17] (although, using a completely different 
approach). Group contractions, interpreted as quasi-catastrophical connec- 
tions between different geometries, or topological fluctuations in spacetime, 
have been considered in Ref. [18], establishing a relation between different 
models of the universe. 
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TABLE I. Z 2 <8> Z 2 -contractions of invariant bilinear forms. 

The 7-solutions corresponding to the contractions of algebras given 
Table 1 of Ref. [3], on which they must be superposed. 
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TABLE II. Z 2 <8> Z 2 -contractions of invariant bilinear forms. 

The 7-solutions corresponding to the contractions of algebras given in 
Table 2 of Ref. [3], on which they must be superposed. 
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last three columns: 
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